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Effect of Density Gradients in Confined Supersonic Shear Layers
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Mechanical Aerospace and Nuclear Engineering Department, University of Cal-
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The effect of density gradients on the supersonic wall modes (acoustic
modes) of a 2-D confined compressible shear layer were investigated using
linear analysis. Due to the inadequacies of the hyperbolic tangent profile, the
boundary layer basic profiles were used. First a test case was taken with the
same parameters as in Tam and Hu’s!® analysis with convective Mach number
M. = 1.836 and density ratio of 1.398. Three generalized inflection points
were found giving rise to three modes. The first two show similar properties
to the Class A and B modesin Ref. 15, and the third is an ‘inner mode’ which
will be called a Class C mode. As the density ratio is increased, the smallest
of the three neutral phase speeds tends towards the speed of the lower velocity
stream, and the other two eventually coalesce and then disappear. These two
effects lead to a linear resonance between the Class B modes which increases
the cutoff frequency and growth rate of the lowest mode. In fact, growth rates
of 2-4 times the test case were found as the density ratio was increased to 7.

A similar trend is observed for the Class A modes when the density ratio is
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decreased from the test case, but the growth rate is not changed by much from

the test case.



I. Introduction

The study of compressible shear layers has been thrust into the spotlight in
the past decade mainly due to the need for supersonic combustors (SCRAM-
JETS) in future generation aircraft. Numerous analyses have been conducted
in order to better understand the instability characteristics and dynamics of
compressible shear layers. In what follows a brief overview of some of these
analyses will be presented with emphasis on work done using linear analysis.
In the overview the term ‘constant density’ will refer to cases when the den-
sity and temperature of the basic flow are taken to be constant throughout the
shear layer so that their variation in the shear layer due to viscous heating is
ignored. The researchers who have included viscous heating effects have used
either the Busemann-Crocco (B-C) relations or some solution of the boundary
layer equations for the density and temperature profiles.

Some early work done on the inviscid instability of compressible shear lay-
ers was reported in a series of papers by Blumenl, Blumen et al.? and Drazin
and Garvey3. The work involved a 2-D temporal linear stability analysis of a
compressible, constant density, unbounded shear layer modeled by a hyperbolic
tangent profile based on the cross-stream coordinate, with equal and opposite

velocities at the ends. For subsonic Mach numbers, they found a single mode



whose growth rate decreased as the Mach number increased. This mode is a
Kelvin-Helmholtz (K-H) type of instability similar to that occurring in incom-
pressible shear layers. As the Mach number is increased, the first order effect
of compressibility is to decrease the growth rate of the 2-D K-H mode. For su-
personic Mach numbers, two modes were found with equal but opposite phase
speeds. These modes had very small growth rates compared to the subsonic
K-H mode. Jackson and Grosch? conducted a spatial stability analysis of a
compressible shear layer (lower stream was quiescent) modeled by a hyperbolic
tangent profile whose independent variable was a similarity variable based on
Howarth’s transformation. Since this similarity variable is depeadent on the
Mach number, the hyperbolic tangent profile based on this transformation is
also dependent on the Mach number. They computed the neutral modes for
2-D and 3-D disturbances and also found two modes for supersonic Mach num-
bers. One mode was supersonic with respect to the slow stream and subsonic
with respect to the fast stream and was called a ‘fast mode’. The other was
supersonic with respect to the fast stream and subsonic with respect to the
slow stream and was called a ‘slow mode’. These modes were characterized
by Mack® as radiating vorticity modes because of the oscillatory behavior of
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the eigenfunctions outside the chear layer. Sandham and Reynolds[ inde-

pendently confirmed the existence of these modes using a profile based on the



similarity solution of the compressible boundary layer equations. They also
showed that for convective Mach numbers (Mc), i.e. Mach number relative
to the phase speed of the instability, above a critical subsonic value the most
unstable disturbances were three-dimensional. This is in clear contrast to the
incompressible case. Similar results were obtained earlier by Gropengiesser8
and Lessen et al.910, Other studies on the unbounded compressible shear
layer were conducted by Ragab and Wu[11’12’13], with the latter two references

dealing with subharmonic instabilities in this type of shear layer.

For later reference, it is also necessary to mention some results obtained
by researchers concerning the use of the different profiles used for the above
analyses. Sandham and Reynolds6 showed that use of the hyperbolic tangent
profile based on the cross-steam coordinate was unsatisfactory for cases of
high shear or density ratio even at very low Mach numbers. They showed that
errors of up to 16% in the growth rates can exist relative to the growth rates
obtained by use of the boundary layer profiles. Jackson and Grosch!?® used
three different profiles in investigating the fast and slow modes in a spatial
shear layer. The first was a hyperbolic tangent profile based on the similarity
variable mentioned above, the second was a profile based on the similarity
solutions of the boundary layer profiles with a linear viscosity law and Prandtl

number (Pr) equal to 1.0, and the third was a similar profile but with the



Sutherland viscosity law incorporated and Pr = 0.7. They showed that the
results obtained by using the first profile were only qualitatively similar to the

ones from the other two profiles.

The analyses which more closely pertain to the current research were done
on bounded (confined) shear layers as shown in Figure 1. Tam and Hu!® and
Greenough et al.1® conducted spatial and temporal analyses for a bounded
shear layer. Greenough et. al used a hyperbolic tangent profile based on the
cross-stream coordinate and only considered the constant density case. They
also found a single mode for subsonic Mach numbers. However, multiple modes
were found when the Mach number was supersonic. These modes are different
from the radiating vorticity modes found in the unbounded shear layer and
were referred to as supersonic wall modes by Greenough or acoustic modes by
Mack®. Tam and Hul® conducted a thorough spatial analysis of these modes
using both a hyperbolic tangent profile (based on the cross-stream coordinate
and using the B-C relations) as well as a vortex sheet model. For the vortex
sheet model, they found two families of instability modes and labeled them
Class A and Class B modes. They also found two families of neutral modes
which they label Class C and D acousfic neutral modes. For the finite shear
layer case, only the unstable solutions were shown because the contour of

integration was not deflected in their analysis to avoid the critical layer.17



Tam and Hu found that for a relatively thick shear layer the most unstable
mode is the first Class A 2-D mode. Mack® discussed in detail the nature
of these acoustic modes as they pertain to boundary layers, wakes, jets and
confined shear layers. The underlying condition which needs to exist in order
for acoustic modes to be observed is a region of trapped supersonic flow relative
to the phase speed of the instability wave. This means that either two sonic
lines (M. = 1.0), two walls or a combination of the two must exist in the flow.
More results and facts about Tam and Hu’s analysis are given in the body of
the present paper since they are needed for comparison to our own results.

The effects of walls on the instabilities occurring in compressible shear
layers were investigated by Zhuang et al.18 and Morris et al.1%. They showed
results indicating that the subsonic mode was not affected by the walls as
long as the walls were not too close (10 vorticity thicknesses away). They also
showed that, as the walls were brought in from infinity the radiating vorticity
modes for supersonic Mach numbers first decreased in growth rate and then
disappeared. Meanwhile, a new set of modes, which were not continuations of
the vorticity modes, appeared and dominated the 2-D disturbances.

There have been numerous numerical simulations done on unbounded shear
layers such as Lele??, Sandham and Reynolds[6’7], Ragab and Wu' 3_and Ragab

and Sheen?! confirming the results obtained from linear analysis. Some have
y



also considered the bounded shear layer in their numerical simulations, such
as Greenough et al., Sigalla et al.[22:23], Huang and Riley??, Lu and W 25,26]

and Gathmann et al.2".

Many experiments have been conducted on the instability of shear layers,
one of the most famous experiments being done by Brown and Roshko?8for
very low subsonic Mach numbers. They showed the existence of large scale
coherent structures which were formed within the shear layer and also showed
that the growth of the shear layer depended linearly on the velocity ratio pa-
rameter (%ﬁ;gzz) They also looked at the effect of density ratio on the growth
of the shear layer by taking three points (%'f =171, ,17) and observed that when
the density of the lower(slower) stream is greater than the upper(faster) stream
the growth rate increases from the uniform density case. The opposite was true
when the upper stream was heavier than the lower one. Recently experiments
on the compressible mixing layer have been conducted by Papamoschou and
Roshko2%:30, They observed a reduction in growth rate as a function of Mach
number. They also showed that the growth rate curves could be parameterized
by the use of a single Mach number which they defined as the Convective Mach
Number ,M.. The definition of this Mach number is based upon using a refer-
ence frame associated with the dominant wave. They defined two convective

Mach numbers:
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M, =——= (1.1)

and

Uc—U2
ag '

M, = (1.2)

where Uy is the speed of the dominant structure and aj,a2 are the speeds of
sound in the two streams. By using an argument that the two streams share a
common stagnation point, they showed that if the two streams have the same

specific heat ratio then M, = M.,. Also from these arguments, it follows that:

_ a1 + a1Us

Uec= ot (1.3)
and
_ U1 —-Us
M. = P . (1.4)

For small Mach numbers and almost equal specific heat ratios, they showed

that one could express Uc in terms of the density ratio:



v, 1+ §®):

Tf—l = -—-———1 N (Bg I (1.5)
P1

Papamoschou31 has recently given a revised version of the above model
for the case when the Mach number is high enough to produce shocks within
the flow. In these cases it was found that M., # M.;, and so an asymmetric
situation arises. This was predicted in the analysis of Jackson and Grosch? in
regard to their slow and fast modes. (i.e. the supersonic modes don’t obey
the U, formula given above even for the constant density case). Papamoschou
gave a revised model accounting for shock formation in the stream which is
supersonic with respect to the dominant structure. More will be said regard-
ing this result obtained by Papamoschou in later sections. The concept of
convective Mach number has been applied to linear analysis by replacing U,
the speed of the dominant structure, by cr, the phase speed of the instability.
In this paper, first the governing equations and solution procedures will
be discussed. The profiles of the basic flow velocity and density will be cal-
culated from the boundary layer equations rather than assumed as in Tam
and Hul®. The results for a test case matching the parameters in Tam and

Hu’s analysis will then be presented. In the final portion, the results obtained

when increasing and decreasing the density ratio from this test case will be
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discussed.

I1. Flow Model and Governing Equations

The model which is studied here is a confined compressible shear layer
formed by two gases with different velocities, densities and properties, but
with the same constant pressure. Figure 1 shows the configuration used in this
analysis. The subscript 1 is used for the quantities related to the high speed
freestream and the subscript 2 for the quantities of the low speed freestream.
The sticamwise coordinate is x, the spanwise coordinate is z, and the cross-
stream coordinate is y. For simplicity, free slip wall boundary conditions are
assumed at the walls of the channel. It is also assumed that the flow is inviscid,
non-conducting, and non-diffusive. For this situation the governing equations
are the Euler equations for a two species system and in dimensional form can

be written as the following:

*
g’t’* +V-(p*7*) =0 (2.1)
* ov* % % *
p(at*+v-Vv)+Vp =0 (2.2)
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* *
*(g’t‘* + 7*-VR*) - g’i’* -7 Vp*=0 (2.3)
0
e 4 V0 =0 (2.4)
p*=p"R'T" (2.5)
pa Py
Co=52, Cy=%, p'=pi+n Cat+Cp=1 (2.6)

p

where p* is the density of the gas mixture, T* is the temperature, p* is the
pressure, ¥ is the velocity vector, h* is the enthalpy which can be related to
the temperature by h* = [cp Ca + cpy(1 — Ca)]T* where cp, and cpy, are the
specific heat ratios at constant pressure, and Cq is the mass fraction (species
concentration) of species a. Also, R* = [R3Ca+ Ry (1—Ca)) is the gas constant
of the mixture.

These equations are non-dimensionalized using the fast (upper) freestream
quantities, py, Uy, T;' and the height of the channel, H *. Thermodynamic
properties are also non-dimensionalized by the upper freestream thermody-
namic properties, c;, and R;. Based on this non-dimensionalization, the den-

sity ratio %% and the velocity ratio %’% are defined as p, and U,, respectively.
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Once the equations are non-dimensionalized, they are linearized around a par-

allel basic flow (5(y), P, U(y), Ca(y)). These basic flow quantities can be found

in several ways which will be discussed later. The flow variables can be written

as:

p=p)+0(z,9,21)

p=P+p(z,y,21)

v=U(y) +v'(2,9,21)

v = v,($’ y, z’ t)

!
w=w (a:,y,z,t)

T = T(y) + T’(:E, Y, 2, t)

Ca = Ca(y) + C:;(.’B, Y, z’t)
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Normal modes are assumed for these infinitesimal disturbances with the

form:

¢ = a(y) expli(kz + Bz ~ wt)] (2.8)

where § is the eigenfunction, k and B are the streamwise and spanwise wave
numbers and w is the frequency. In general k, 8 and w are complex. Once these
normal modes are substituted into the equations of motion, a single O.D.E.

can be found for the disturbance pressure eigenfunction:

X 2kDU 1.y py M =2 12  22)a
D2 — - — LA it -k -k — = .
{(w_kU) pr}Dp+{ = (w = kD) B2lp=0 (2.9)
where
d
D—-d—y

5 = cpaC:;’a + (1 — (?a)
CuaCa + va(l - Ca)

and M and v; are, respectively, the Mach number and the ratio of specific

heats of the high speed freestream.
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The 2-D equation is obtained by setting 8 = 0 (3-D disturbances will be

considered later).

- 2 .
.___7M (w-k0) -k }p=0  (210)

The above equation is solved subject to the boundary conditions

Dp=0 y:i% (2.11)

which come from the y-momentum equation by setting the normal velocity at

the wall to zero. The rest of the eigenfunctions can be found from the following

equations:

b= —D2P__ (2.12a)
ip(w — kU)
ikp + pDUD (2.128)

p(ku. + Dv) + Dp?d (2.12¢)



By = (2.12d)

II1. Basic Flow Profiles

Before the method by which the eigenvalues are obtained is discussed, it is
necessary to discuss the basic velocity and density profiles used in this anal-
ysis. The choice of profiles has varied from using piecewise constant profiles
to profiles obtained from numerical simulations. One of the simpler ways
adopted by many researchers is to assume that the basic velocity has a form
of a hyperbolic tangent profile. As stated in the Introduction Sandham and
Reynolds6 have shown that this is not a good approximation for the actual
velocity profile obtained by solving the compressible boundary layer equations
when there is high shear or a high density ratio. A better approximation is the
use of a scaled variable based on Howarth’s transformation for the variable in
the hyperbolic tangent profile. Jackson and Grosch!? demonstrated that this
profile only gives qualitatively similar results when compared to the results ob-
tained by using profiles found from the similarity solutions of the compressible
boundary layer equations. lanché and Reynolds32 showed that the profiles

obtained by solving the O.D.E.’s obtained from the similarity transformation
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of the compressible equations agreed very well with those found by numerical
simulations. Because of the above reasons and reasons which will become ev-
ident later in this section, the profiles chosen for this analysis were obtained
by solving the compressible boundary layer equations after making use of a
similarity variable.

The boundary layer equations for a multi-species flow are given in Kuo33.

For a two-species non-reacting system at constant pressure and Pr = Sc =

Le =1, they can be written as:

a * % 6 *x kN
6$*(p u )+ay*(p v )—0 (3‘10‘)

p*u*gu: L *gv: _ az* (u*gzz) (3.1b)
prur 2y B = D (0 H) (3.1
prur S gt B = (1 Gee) (3.1d)

p'=p'R'T" (3.1¢)
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where hi = ;T + 1‘;

The solution procedure used for these equations is almost identical to that
used in Planché and Reynolds with one difference being that in our analysis
the product of the viscosity, #*, and the density, p*, is assumed to be constant
(up = 1) since the gas constant R is variable, instead of % = 1 as in their paper.
Also, the transformation from the similarity variable, 5, to the cross-stream

coordinate, y, is done by integrating the following equation:

g% = %\/g ¥(0)=0
and the appropriate value of the quantity 722'% is found from the condition
6w = 1.

Finally the profiles are re-non-dimensionalized using the height of the chan-
nel. In all cases considered the ratio of the vorticity thickness to the channel
height is taken as %L = 0.1 which corresponds to that used by Greenough et
al.18, Sigalla et al.[22:23] 3nd Tam and Hu. This value of the vorticity thick-
ness insures that the profiles have reached their freestream values far from the
confining walls. It should be noted that the profiles used in this analysis are
applicable for only small distances from the splitter plate.

As stated in the Introduction, the test case that is taken here is the one

18



used in Tam and Hu’s analysis with the following properties:

M, =45 M,=1.6

Y129 4 =167(He) 7 =140(N,)

a;

Figure 2a,b and c show the profiles used in Tam and Hu’s analysis and the
ones calculated from the boundary layer equations. Besides the quantitative
differences seen in the velocity and density profiles, a major qualitative differ-
ence is the existence of three extrema in the product of the basic density and
the basic vorticity profiles pDU, as shown in Figure 2c. This phenomenon is
dependent on the convective Mach number and the ratio of the specific heats.
From Lees and Lin34, it is known that the zeros of this product can give rise
to neutral modes. In the unbounded case, Jackson and Grosch? showed that
only one of these extrema is related to a critical neutral mode. This is the
subsonic neutral mode whose eigenfunctions decay exponentially away from
the mixing layer. However, for the bounded case, all three extrema can be
associated with critical neutral modes, as we shall show.

It is also important to discuss the effect of the density ratio on the profiles

which are calculated for our linear analysis. Figure 3 shows the velocity profiles
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at a fixed convective Mach number and velocity ratio for different density
ratios. It can be seen that as the density ratio is reduced from unity the high
speed side has a “fuller” profile and the low speed side has a bigger defect.
The opposite is true when the density ratio is increased from unity. Figure 4
shows the effect of the density ratio on pDU. 1t is evident that the emergence
of the three extrema at a fixed convective Mach number and velocity ratio
is dependent on the density ratio. For the parameters considered here the
three extrema exist for approximately 1.1 < p, < 1.7. The consequences
of the multiple extrema will become evident in the later section where the

characteristics of the instability modes are presented.
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IV. Numerical Procedure For Finding The Figenvalues

The numerical procedure used to find the eigenvalues is very similar to
the method used in Tam and Hu. The method is a combination of the grid
search method used for their vortex sheet problem and the numerical dispersion
relation used for their finite shear problem and is described below.

Outside the shear layer (Jy| >> -IoI':), D@ = 0. Therefore, equation (2.10)

becomes the familiar vortex sheet equation with solutions:

p(y) =Acos[M(1-y)] 6<y<1 (4.1a)
p(y) = Beos[Ao(1+y)] -6>y2-1 (4.18)
where
A = [M2(w - kUY)? = K9 (4.24)
X, = [M? (%%)2@ — kU,)? - kY (4.2b)

Following Tam and Hu, equation (2.10) is integrated by a fourth order
Runge-Kutta method from —§ (below the shear layer where equation (4.1b)
holds) to +6 (above the shear layer where equation (4.1a) holds). The nu-

merical solution at y = 6, say Bf(6), and its derivative are matched to the
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corresponding solutions of equation (4.1a), thus giving rise to the following

eigenvalue relation for |§] >> %.:

W = — cos[A (1 = 8)]F(8) + A1 sin[M (1 — 8)]f(6) =0 (4.3)

The above equation is zero for specific values of (w, k). There are two view-
points taken when solving this eigenvalue problem, namely, the spatial and
temporal viewpoints. In a temporal viewpoint, the wavenumber, k, is taken
to be real and the frequency, w, is the complex eigenvalue which is found by
solving the above eigenvalue problem. Conversely, in a spatial viewpoint, the
frequency is taken to be real and the wavenumber is the complex eigenvalue.
The viewpoint chosen for a particular system usually depends on whether the
instability is absolute or convective in nature; a temporal viewpoint is adopted
for absolute instabilities, and a spatial viewpoint is chosen for convective in-
stabilities arising due to an upstream wavemaker. Rigorous mathematical
techniques exist based on the behavior of the impulse response of a system
which dictate the appropriate viewpoint. For detailed discussions on this sub-
ject, the reader is referred to Briggs35, Bers3® and Huerre and Monkewitz3'.
For the current analysis a spatial viewpoint is adopted since both streams of

the shear layer are supersonic and therefore all the eigenvalues are initially

taken to be located in the upper-half of the complex wavenumber plane where
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the frequency is complex and its imaginary part is a large positive number

(Tam and Hu®®).

To find the sets of values (wr, kr+ik;) for which equation (4.3) holds, a grid
search procedure is employed. A coarse grid is used on the domain of interest
in the complex k-plane. For a given w, Im(W)=0 and Re(W)=0 are plotted
by a contouring routine, and their intersection points are taken as the initial
location of the roots. Then by the use of a Newton’s iteration routine these
eigenvalues are further refined. When performing this procedure, one must
keep two things in mind. First, when w and k are real, the integration contour
for finding f(6) must be deformed into the complex y-plane to avoid the critical
layer. Thus the contour of integration must be deformed in such a way that
it is below the critical layer singularity but above the singularities of the basic
profiles in the complex y-plane. Second, one needs to distinguish between
amplifying and evanescent waves. A good explanation for this procedure is
given in Briggs and Tam and Hu. By following Briggs, if one needs to find
the amplifying waves for a given real frequency €2, then one first starts with
a complex frequency € + i§);, where §0; is a large enough positive number
such that all the waves corresponding to the response of the system for z < 0
are in the lower half of the complex wave number plane and all the waves for

z > 0 are in the upper half plane. Then the imaginary part of the frequency

23



is incremented to zero, while keeping the real part constant. The roots that
drop below the real k-axis which were originally in the upper half plane are
the amplifying waves for £ > 0. Similarly, the roots starting from the lower
half plane and crossing real k-axis represent amplifying waves for the z < 0

response.

V. Parameters and their Variation

In order to isolate the effect of basic flow density gradients from other
effects such a~ shear and compressibility, the following method is proposed.
The convective Mach number based on the current non-dimensionalization is

given by:

Ur-Ur _ M(1-U,)

al+af 14 a?%;

M. = (5.1)

In order to remove the first order compressibility effects, it is chosen to
work with a constant convective Mach number. The above convective Mach

number was shown by Papamoschou31 to be a good parameter to describe the

effects of compressibility. Also the velocity ratio p& = U, is also taken to be

*
1

h14

constant. Jackson and Grosch™® show that the maximum temporal growth
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rate is proportional to (1 — U,). Although the consequences of varying this
term for spatial calculations has not been investigated it was decided not to
vary this term for our purposes. Another way to think about this condition
comes from recognizing that if this term is unchanged then the difference in
mean shear (U} — U;) is unchanged. Therefore, as the density ratio %% = p, is

changed, the fast stream Mach number, M,, is changed to keep the convective

Mach number constant.

VI. Mode Labels

The convention used ‘or the instability modes is the same as that used in
Tam and Hu. All unstable modes whose phase velocity start from the velocity
of the high speed stream will be labeled as Class Amn modes and all unstable
modes whose phase velocity start from the velocity of the low speed stream
will be labeled as Class Bmn modes. The m and n subscripts are the 3-D
and 2-D mode numbers respectively. The bulk of this paper will deal with the

m =0, i.e. a 2-D case.

VII. Results and Discussion

A. Test Case p, = 1.398
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As stated earlier, the first case which is considered in this analysis is a
test case based on the parameters used in the Tam and Hu analysis which
correspond to M, = 1.836, p, = 1.398, and U, = 0.276. For this case, the
basic profiles have three generalized inflection points (D(pDU) = 0) which
are summarized in Figure 5. Figure 6 shows the phase speed of the three
different types of instability modes which are present for this case. The modes
represented by the solid lines are the Class A modes which start from Cpp =

= U, which is a non-inflectional neutral solution. This type of solution

e

is described in Mack[5’38] in conjunction with the boundary layer acoustic
instabilities and is possible only when a trapped region of supersonic flow
relative to the phase speed of the instability wave exists in the flow. Some of
these modes, such as Ag, have wave velocities that are bounded by the velocity
at the upper inflectional neutral point, and the others, such as Agg, remain
unstable. The modes represented by the dashed lines are modes which start
with a wave velocity equal to the mean velocity at the middle inflectional
neutral point and which apparently have not been discussed so far in the
literature. These modes will be labeled as Class C modes. Some of these
modes have wave velocities which are bounded by the velocity at the upper
inBectional neutral point and the other remain unstable. The third set of

modes which are represented by the dash-dot lines are the Class B modes.
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These modes start from Cpp = U, which is a non-inflectional neutral solution.
The phase velocity of all of these modes are bounded by the velocity at the
lower inflectional neutral point. It is clear that the use of a regular hyperbolic
tangent profile based on the y coordinate would not give the results presented
above (cf. Fig. 2c). Runs were made using a hyperbolic tangent profile, with
the results being that both Class A and B modes terminated at the one and
only inflection point. These results are shown in Figure 7.

Figure 8a,b and c show the spatial growth rates of the Class A, B and C
modes respectively. The interesting thing to note here is that the Cy, mode has
the highest growth rate as opposed to the Ao mode when the hyperbolic tan-
gent approximation is used. Furthermore, these modes are associated with a
local minimum of pDU. In constant density or incompressible flows, instability
is, of course, associated only with a maximum of vorticity.

The disturbance pressure eigenfunctions of the three modes at the maxi-
mum growth rates are given in Figures 9a,b and c. If one defines two convective

Mach numbers M¢; and Mg, as:

Ul —c;
M = —}—a;ﬂ (7.1a)
1
c* - *
= Jﬂ% (7.1b)
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where M., is the convective Mach number for stream 1 and Me; is that for
stream 2, then the modes with the maximum growth rates in each Class, i.e.
Ag3, Bos and Cpj, can be described in the following manner. The Apz mode
is supersonic with respect to the slower stream and subsonic with respect to
the high speed stream. This can be seen in the shape of the eigenfunction
which is monotone in the upper half of the channel and oscillatory in the lower
half. The opposite is true for the Bgsy mode. The Cp; mode is supersonic
with respect to both streams and shows an oscillatory behavior over the entire
channel height.

Another difference observed when using the profiles based on the compress-
ible boundary layer equations as opposed to the hyperbolic tangent profiles is
the magnitude of the eigenfunctions. When the hyperbolic tangent profiles are
used the eigenfunction with the maximum magnitude is the streamwise pertur-
bation velocity eigenfunction. This is not true for the boundary layer profiles

where the perturbation density eigenfunction possesses the largest magnitude.

B. Increasing Density Ratio

Next, the density ratio is increased to p, = 3.0. Different results were
obtained for this case ranging from the change in basic profiles to the growth

rates and eigenfunction magnitudes. First, the results for this density ratio
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will be given and then the changes that occur between 1.398 < p2 < 3.0 will

be discussed by considering some intermediate cases.

The basic profiles have only one generalized inflection point for p, = 3.0.
The velocity at that point is close to that of the low speed stream. This is
illustrated in Figure 10. Figure 11 shows the phase speed of the instability
waves present in this case. The Class A modes show similar behavior to
the ones present in the case of p, = 1.398; however there are more Class A
modes present in the same frequency range considered. Also, since two of the
inflectional neutral points are not present, these modes now remain unstable.
The Class B modes, however, are very different. In this frequency range only
the By; mode has a growth rate which is higher than 0.01. The phase speeds
of the rest of the Class B modes (not shown) start at the velocity at the non-
inflectional neutral point Cph = U, and end at the velocity at the inflectional
neutral point. These modes have very small growth rates. It will be shown
later that, due to several factors as the density ratio is increased, a linear
resonance occurs between the Class B modes which results in the particular
configuration of the Class B modes shown in the figure. The growth rate of the
Class A modes and the By, modes are given in Figures 12a and b. The many
peaks present in the growth rate curve of the By mode is characteristic of the

linear resonance (see below) which is occurring. It is interesting to note that
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the peaks located at w = 5.775 and w = 6.62 have growth rates —k; = 0.7401
and 0.7404 respectively. These two are almost identical and so both frequencies
might be excited in the nonlinear portion of shear layer evolution. Also, this
mode possesses the highest growth rate among all the modes and has twice
the growth rate of the maximum growth rate for the p, = 1.398 case. This
trend continues at higher density ratios and will be discussed further when the

results for the case of p, = 7.0 are presented.

Figure 13 shows the phase speed of the By mode only. It can be seen
that the phase speed has an oscillatory behavior and becomes neutral after
many oscillations. This behavior can also be attributed to the linear resonance
and will also be discussed later. Another interesting result is observed in the
behavior of the eigenfunctions. The eigenfunctions for the density and species
concentration show large spikes near the critical layer and the magnitude of
the density eigenfunction is two orders of magnitude higher than the velocity
and pressure eigenfunctions. Figure 14a,b,c,d and e show the eigenfunction for
the By; mode at the first growth rate peak (w = 5.775) . The eigenfunctions
at the second peak are very similar to those of the first peak. For comparison,
Figure 14c also shows the perturbation density eigenfunction at the maximum
growth of the test case which is normalized with respect to the eigenfunction

magnitudes of the test case.
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The next step will be to show the emergence of the different phenomena
described above by analyzing the instability characteristics for density ratios
between 1.398 and 3.0. As the density ratio is increased from 1.398, the upper
and middle inflection points begin to move towards one another and the lower
inflection point moves lower such that the velocity at that inflection point tends
towards U,. At p, = 1.71 the upper and middle inflection points coalesce, and
beyond that density ratio they disappear. This movement of the inflection
points, i.e. changes in the basic profiles due to the effects of the density ratio,

lead to a linear resonance between the Class B modes, as discussed below.

In order to show that the interaction between the modes is indeed a res-
onant interaction, a series of figures are provided showing how the modes
coalesce and interact. First, Figure 15 shows the phase speed of the Class B
modes for p, = 1.398 and p; = 1.8. As the density ratio is increased in this
range the lower inflectional neutral phase speed decreased from 0.4 to 0.37. As
this happens the curved parts of the phase speed curvse of the Bp) mode and
the By mode connect at a density ratio between 1.398 and 1.8. As the density
ratio is increased beyond that point, calculations show that the neutral phase
speed decreases and the curves separate leaving the By with the upper curved
portion of the old Bg. This process continues and for p, = 1.8, as the figure

shows, five of the original Class B modes have interacted. This type of process
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is well described in Craik(1985). Figure 16 shows the growth rate curves for
the two density ratios, and again it is possible to see the how the curve for
p2 = 1.8 evolves from the others. We should also note that for p, = 1.8 the
growth rates of the Byg — Bys modes are not shown because the magnitude of
the growth rates is less than 0.01. Finally, Figure 17a and b show the phase
speed and growth rates of the Class B modes for only p, = 1.8. On these
figures the location where the higher modes become neutral are shown with
the vertical dotted lines. The purpose of these figures is to show that these
neutral frequencies correspond well with frequencies corresponding to the local
minima of the By, mode, cf. Fig. 16.

Figure 18 shows the growth rate of the By for different density ratios. It
is clear from this figure that as the density ratio is increased more and more
Class B modes have resonant interactions with one another to cause the By
mode to have more and more peaks. Figure 19 shows the number of peaks in
the growth rate curves as a function of the density ratio. It is clear that this
is a non-linear step function of the density.

Also, as the density ratio is increased, the phase speed of the By, mode,
which is the mode with the maximum growth rate, becomes more and more
asymmetric. This type of phenomenon is observed in the experiments con-

ducted by Papamoschousl. In his experiments, he observed that: “in su-
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personic combinations M., is always highest (Uc — Us) while in supersonic-
subsonic combinations, M., is always highest (Uc — U1)”. In our analysis, an
increase of the density ratio from the test case increased My and lowered M,
causing both Mach numbers to be between 2 and 4. Decreasing the density
ratio increased M; and decreased M3 such that M2 became almost sonic.

The final comment which needs to be made concerns the effect of the
density ratio on the growth rate of the modes. After all, this is one of the
limiting factors in the design of supersonic combustors. Figure 20 shows the
growth rate of the By mode for p, = 7.0. This growth rate is nearly 400%
greater than the growth rate at p, = 1.398. This type of increase in the growth
rate as a function of the density ratio is supported by observations made by
Brown and Roshko?® who stated that growth rates in supersonic shear layers
are more sensitive to changes in the density ratio than subsonic shear layers
and that increases of up to 300% in growth rates were observed in supersonic
shear layers.

Figure 21 shows the maximum growth rate as a function of density ratio
for the cases where mode By has become dominant. Density ratios from 2.0
to 13 have been considered. Some leveling off of the curve is noticed as the
density ratio is increased.

The effect of the density ratio on the Class A modes varies from mode to
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mode. For density ratios where Class C modes still exist, increasing the density
ratio slightly increases or decreases the growth rate of some Class C modes and
some Class A modes. These modes eventually coalesce and interact, and once
the upper two inflection points disappear, only the Class A modes remain. As
the density ratio is increased from 3.0 to 7.0 so that no Class C modes exist,
the most unstable mode, Ag;, practically has a nearly constant growth rate,

and the other Class A modes actually have lower growth rates.

C. Decreasing the Density Ratio

When the density ratio is decreased from the test case, almost the oppo-
site of the previous case occurs. First, the lower and middle inflection points
move towards one-another and eventually coalesce and disappear. The upper
inflection point remains and tends upwards so that the inflectional neutral ve-
locity tends towards U;. These two effects should lead to a resonant interaction
between the Class A modes.

To investigate the above conjecture, two density ratios were considered,
p2 = :1; and p, = ,17 In order to keep the convective Mach number constant,
the gases in the mixing layer were changed to Ar in the fast stream and CHy
in the slow stream. This was done so that the Mach number of the slow stream

remained supersonic (M, = 1.159 for p, = :1; and M, = 1.000 for p, = %).
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Figure 22 shows the phase speed of the Class A and B modes for p, =
31;. The Class B modes (Bgz and on) remain unstable, and within the same
frequency range (0 < w < 5) there are more Class B modes than in the
p» = 1.398 case. A difference arises in the behavior of the By mode. For
this density ratio, this mode becomes neutral at the upper inflectional neutral
point. Recall that for p, = 3.0, the Ag; mode did not have the corresponding
behavior. Now, the Ag; mode for this case interacts with the modes A3 — Aps.
However, the Agy modeis not involved in this interaction and remains unstable.
Figures 23a and b show the growth rates for the Class A and B Modes. It is
clear that both the Ag; and Ag2 modes have appreciable growth rates, and
again like the higher Class B modes in the case of p, = 3.0, the higher Class
A modes (Ag3 — Ags) have growth rates which are less than 0.01. Due to the
linear resonance occurring between some of the modes, the growth rate of the
Ap; mode (the maximum growth rate for this density ratio) is greater than
the maximum growth rate for the p, = 1.398 case. However, the maximum
growth rate for this case is only slightly higher than the test case. The growth
rate of the Class B modes are smaller for this density ratio as compared to the

test case.

When the density ratio is decreased to p, = %, more interactions occur

between the modes which is a bit more interesting. Figure 24 shows the phase
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speed of the modes present at this density ratio. Comparing this figure to
Figure 22, one can see several changes. As the density ratio is decreased from
31; to %, modes Byj, Ag; and Agy interact with one another which causes the
Bp1 mode to be the dominant mode. Looking closely at the two figures the
transition between them can be realized. First, just as there are more and more
Class B modesin a certain frequency range as the density ratio decreases, there
are fewer and fewer Class A modes. As the density ratio is decreased the By
mode in Figure 22 interacts with the Agy mode near the inflectional neutral
point. Then this new By; mode, which has picked up the majority of the Ag2
mode’s curve, interacts with the Ag; mode. This final interaction causes the
Bp1 mode to be the mode which exhibits a linear resonance with the rest of the
Class A modes. Actually at this density ratio more than 25 Class A modes are
involved in this resonant interaction. Figure 25 shows the growth rate for the
Bp; mode. Notice the unstable bandwidth which is many factors above any
other mode considered at any density ratio. However, the increase in growth

rate from the p, = :1; case is only about 0.05.

VIII. Concluding Remarks

The effects of density gradients on the linear stability characteristics of

the acoustic wall modes in a confined supersonic shear layer were studied. A
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test case based on the analysis of Tam and Hu!® was chosen. A new class
of modes was discovered for this case which was due to the emergence of
three generalized inflection points in the pDU profile. This new mode has the
highest growth rate for the test case density ratio and is associated with the
local minima of the pDU profile.

Next, the case of increasing density ratio was considered. Increasing the
density ratio caused the pDU profile to eventually have only one inflection
point, with a velocity close to that of the low speed stream. This in turn
led to a linear resonance between the Class B modes. As the density ratio
was increased, more and more Class B modes were involved in the resonant
interaction. Another phenomenon observed for this case was the increase in
the growth rate as the density ratio increased. This increase in the growth
rate seems to continue as the density ratio is increased with only some leveling
of the curve noticed at the highest density ratio. Two effects can contribute to
this increase. The first is the shape of the velocity profile. As the density ratio
is increased the velocity is “fuller” on the low speed side which in turn results in
higher growth rates as observed by Sandham and Reynolds6 in relation to the
subsonic shear layer. The second effect has to due with the linear interaction
of the modes which causes the “strengthening” of the first mode.

As the density ratio was decreased, the pDU profile also lost two out of
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the three inflection points. However, the remaining inflection point was the
opposite of the one for the increasing density ratio case, with the velocity at
the remaining inflection point being close to that of the high speed stream.
This led to an interaction between the Class A modes, and for very low density
ratios, also the By; mode. The increases in the growth rates for this case are
small compared to the increasing density ratio. This is due to the fact that as
the density ratio is decreased the velocity profile is “fuller” on the high speed
side which tends to reduce the growth rate. This nearly offsets the effect of
the linear resonance.

A major conclusion which can be drawn from this analysis is that when
a much heavier gas occupies the slow stream of a supersonic confined mixing
layer, the growth rate can be increased by 4-5 factors from the case when
the densities of the two gases are nearly equal. These high growth rates are
comparable to the incompressible growth rates and could lead to better mixing

in different applications.
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Figure 9b. Disturbance pressure eigenfunction for the Bpy mode at the
maximum growth rate. (Test case parameters)



Figure 9c. Disturbance pressure eigenfunction for the Cp; mode at the
maximum growth rate. (Test case parameters)
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Figure 11. Phase speed vs. frequency for the unstable modes present in
the flow at p, = 3.0. Higher Class B modes (Bp2 and on) not shown.
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Figure 12b. Spatial growth rate vs. frequency for the By, mode at p, = 3.0.
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Figure 14b. Cross-stream disturbance velocity eigenfunction for the By
mode for p, = 3.0 and at the first maximum growth rate peak w = 5.775).

Figure 14c. Disturbance density eigenfunction for the Bg; mode for p, =
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Figure 14d. Disturbance pressure eigenfunction for the By; mode for p, =
3.0 and at the first maximum growth rate peak w = 5.775).

Figure 14e. Disturbance species concentration eigenfunction for the By
mode for p, = 3.0 and at the first maximum growth rate peak w = 5.775).

Figure 15. Phase speed vs. frequency for the Class B modes at density
ratios of 1.398 and 1.8.

Figure 16. Spatial growth rate vs. frequency for the Class B modes at
p» = 1.398 and the By mode at p, = 1.8.

Figure 17a. Phase speed vs. frequency for the Class B modes at p; =
1.8. Vertical dotted lines represent locations where the higher modes become
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Figure 17b. Spatial growth rate vs. frequency for the Bg; mode at p, =
1.8. Vertical dotted lines represent locations where the higher modes become
neutral.

Figure 18. Spatial growth rate vs. frequency for the By; mode at different
density ratios.

Figure 19. Growth rate peaks (number of oscillatior:) vs. density ratio for
the By; mode.

Figure 20. Spatial growth rate vs. frequency for the Bpi mode at p, = 7.0.

Figure 21. Maximum spatial growth rate vs. density ratio for the Bp
mode.

Figure 22. Phase speed vs. frequency for the unstable modes present in
the flow at p; = :1;

Figure 23a. Spatial Growth rate vs. frequency for the Class A modes at

p: = 11;
Figure 23b. Spatial Growth rate vs. frequency for the Class B modes at
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Figure 24. Phase speed vs. frequency for the unstable modes present in
the flow at p, = %

Figure 25. Spatial Growth rate vs. frequency for the By; mode at p, = ,1,



5\\\\NN\NN\\\NN\NN\\NN\\\NNN\\N\\NN\\\\NL‘N\NNNN 22 bl l bl b L L L L Ll L)

. Bl
(q safoeds) II sed T=D ‘W ..«D °d - ’

el
-t
X
s
- cm
\&lv

(e sofoads) I sed HHuU ﬁz MD MQ

1 aIn3digq



£0

14Y

S0

00L0="¢  9€8'L="W
geet =0 CN)9'L="W
9z0=n EHISY='W

90

L9

8’0
ojyoid woebuey JedhH -~ = = =~
o|joud seke Arepunog

60

lllllllllI'lIlllllll‘lllllljllllllll

o W0

®vg 2andr g



o
o)
N
o
(=3
<
o
o)
N
o
’
=]
\0

°|

— L L) L} ¥ — L) L} 1 4 L] — L T 1 L] — | L v L] “ m-o
A )
\ / 190
/ :
\ ]
| 140
! ]
epyaid Wwobuey sedky = = =~ =~ ' dg0
sjyaid s,e/e Aepunog ! -
! ]
) -160
] -
s \ .
- ' Jo
; ]
— -

’ q4

: ]

— -

\ -2l
0010="¢  9¢8'}L="W ! :
gee'l=%d CN)9L="W \ det

\ 8
9/20="n EHIS¥="W 1.,

qg 2andig



og 2andiy

0S°0-

05°0 520 000 S2°0-
T T ' ' | S ’ | ’ \.\Jql J

A ]
_. .. nu
opjoud webuey sedAy * ==~~~ | f
oijoud Jeken Arepunog \ E
_ ]
| .“
! ]
! ]
; ]
- ..
___ -- “
v -
\ ] -
\ ! ]
\ .. i
i -
001'0="¢ 9€8’L="W - :
gecL=%d CNIIL=W ‘o :
a1z0=n (HSY="W E

S0

0’4

St

0<¢

5S¢

(VR >

Gt

oy

Sy



0S¢0 TANY 0000 Gel'0- 0S¢'0-
> — L Ll ¥ LJ — L L) L L] — Li ¥ L] ¥ — ¥ 1 L] v N o

€0

LAY

S0

90

L0

60
)N
o'l

lllllllllllIllllIIlIllIlIlllJlllllllJlll

€ aIndi g



p 2andig

°N ¢ weans

oH | weans

00

10¢
-10¢€
107V
10§

1 nad
09




£ S0 LAY €0 AV 10 00 1'0- ¢2¢0- €0 ¥0 SO

_...._...._...._...._..;.mﬁ_”..m.._...._...._...._.....o.om_,-
ev80=n 6200 ="K {
’N 2 Weens Mww.wuz moo”o-wm» 17
oH | Weans N 1900-= ]
4 o0s-
Siuiog uoooyu| pezijeseusD alYY |
{oo
{o0s
001'0="8 968'h = W J 000t
gee k=% 009'L="W ]
9/20=°n 00SY="W | { (0ada
Joost

¢ andyy



g "'g ‘g g *°g ---- 00L0="¢  9e8'L="W| J 10
gt Ratco R o B gee t="d ("N)009'L ="W| }
Py Ly oy 9/20=°n (BH)00S¥="W| 20
ZO=N"T0 o g sSeio 20N .Il.\..v\\\\\.\..\\..\\..\\.\\.\ \\\\\.\ \.\. _.\ 1 €0

evg0="n="0

..........................................................................................................................

000’4+ ='n="0

9 21n3di g



L 23y

® 0§ 0¥ 0€ 0¢ ot 00
—‘ T T 1 — T | § ¥ ) — T T 1 T — T T T 1 § — [ § T ] oo
00L'0="¢ 9€8'}="W 1,
e\ 2 Weal 140
ZN wm wmm_. HNQ OOO—. HNE .
oH | wealls g e b 1..
9/20=°n 00Sv="W 420
9,20=n="9 ;
......................................................................... S P
q4v0
450
.......................................... 490
420
480
460
...................... O e e :aO

000’k ='n="D

‘g|qeISun surewss g apop
pue 909°0 = ¥ 1 Juiod jesinau e o} se0B Py apoyy abiaw 1uop Ajienioe sapows ay |
‘suaddey Buimoyjo; ayy ‘BuiuiBiow aq 0} waas 2g pue Py aiaym UOHED0] 8Y | 8I0N



eg aIndig

\)

0'S oy o€ 0¢ o'l 00 .
- ‘—.IIFIH-IH.\.'."H Y T 14 L § I T -1 j- T I 4 14 4 180
X ' “
Al ' ! .
v ' | 500
.. _ " 1
g " . ]
0 ' ! J
| _. “ Horo
[} - I ] -
| ) i 1 J
! ' \ ' -
] i \ 1 i .
X | \ _ 4510
| \ ! 4
! i h | o
' h ! 4
] ) — J ]
.m v _. - 020
| \ 1) ! .
H ! \ 1y !
i | v ! ]
: : 1 | h .
A N jso
1 [} \ ! \ ! -
H i ! \ [} -
... .. Y \ ' - .
[ N 001'0=" gcop=n| JOE0
\ { N Dy gect=%d (*N) 009'1=*W| -
NS 920=n (oH) 00S¥="W| ] "
. Jdggo "



® 0'S oY 00
¥ T _ ...— T T _ L) .ﬁ ¥ i oo.o
j / 1 ¢o
_ I N S0'0
i I 1
i __ : 1
| : i
_ | ] O—.O
i ! ]
i ! -
m ! Jsto
[ : .
i ._ ]
] ]
_._ _ .y 0c0
! i i
_. / :
_.._ i 1620
UMOYS jou aJe i i ]
g pue “'g sopopy | ! ]
v ! 7
\ ! 001'0="¢ 9e8'L="W| < 0£0
s\, \ 86€'+=°d  ('N) 009'L=°W| |
v €0g 9,20=°n (eH) ooS'¥="W| | |
dseo

qg 21n3rg




og aandi g

00

001'0="g 99’ ="
gec’t=% (*N) 009't =W
9.20=%n (eH) oOS¥ ='W

—oo

00°0

-104°0

-1020

-10€0




8EG N3 g

S0 o €0 (AL

0

00

10

cO

€0

v°0-

S°0-

> —d--d-Q—-q-—lﬂ--—dnuu—--—--—u--—-dq—--

6vE0-=N
$9L'G ="
Go8y =

00L°0="2 9e8’t =°N
g6c' L =%d (N) 009’ =°W
9/20=°n (8H) 005'¥ ='W

:

g

0000

S000

0100

S10°0

0200

G200

(4) d|

0e0'0



A 50 LAY £0 [AY 1’0 00 1'0- <20 €0~ ¢0 SO

BRI B AL AL RN WL RN NLSLAL LA RUSLELELE BUALELELES BLALAMALEN BRAMARAME BRELEMELEL BN 00000
- os00°0
- 02000
pre0-=%| - 0£000
L826=M| -
SPIE=0| o 0v000
- os00°0
ooko="¢  9E8+="W| !
=24 (¢ =0 ]
86¢€" } NQ szooo.r Ps_ 1 09000
9.20=°n (eH) 0S¥ =" )
1 144
- 02000

q6 2IndLg



96 an3diy

>m.o LAY £0 (A

1’0 00 - <20 €0 VO &

Ol

j--—qquq—--u—-

G6€0- =M
G06'2 ="
GLL=0

00L°0="9 9e8’l ="
g6e' L =29 (°N) 009'k =°W
9220 =°n (6H) 005'¥="N

-—--—--—--—--—--—-dqd

|Illllllll'lllllllll'llllllll

0000
c000
000
9000
8000
0100
cl00

|(£) dI
100




S0 LAY €0 AV 1’0 00 10 ¢ o0 £0- vo- S0-

> —|-\- L — v I 11 —- Lo B J — T § 11 — LR L — T -m- T — LI — L I R B — LN SR L — LB B qlo-oowl
4 0'001-
100
M
-1 0°004
- 0002
"N gweais see0="n 68v00-="A 1
aH | weans -1 0°00€
U0 UOHOB|U| PeZIeIBUD) BUD ]
- 000
00L0="¢ 9e8'L="W J o005
000e=%  6L02="W 1 (qadia
9/z0=n 9.8€='W 3 0009

0T 2an3yy



11 2131y

3 L] — T T L] L) — L] ¥ T ] — ) L ¥ ¥ — ¥ L i v — L L L) ¥ ]
1'0="¢ 9e8'L="W| ]

g ---- o00e=%d (N)6L0Z="W| ]

g< .no< .No< ._.o< QN.N.O = ND Am_l_v mﬁmm = FE um

............................................................................................................................

LIllIlllllllllllllllllllllllllll

L

00
10
AL
£0
¥0
S0
90
L0
80
60

Hd
oL 9



Figure 12a
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Figure 16
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Figure 17b

_1
5.25

4.50

3.75

3.00

2.25

1.50

0.75

-

l | N D I | ' J U I | I 4 42 9 l J IR I ] l [ o Y | I 1.1 1 1 l 1 4t 1 l 14 1 1 2 I J I T S 8
7! o 7o) o W W o w o
-, A X « N 8 - . (= 8
o o o o o () o o o o

x



Figure 18
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Figure 19
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Figure 21
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Figure 23a
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Figure 23b
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